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We theoretically investigated a method to detect a single skyrmion in a magnetic tunneling junction (MTJ)
geometry. Using the tunneling Hamiltonian approach, we calculated the tunneling magnetoresistance (TMR)
ratio of the skyrmion-ferromagnet bilayer system. We show the TMR ratio is determined sorely by the spin
profile of the skyrmion and geometrical factor of the device, if only the system is reasonably clean such that the
spectral broadening is smaller than the exchange coupling between the local and the itinerant magnetic moment.
The TMR ratio in that case can amount to 30% or higher when the diameter of the skyrmion is as large as
the size of the device. Since this criterion is easily achievable in real systems, MTJ geometry can be a good
candidate of the electrical detection of a single skyrmion i.e., the reading process of the information in the future
skyrmionics memory devices.
Magnetic skyrmion, a swirling texture of spins in magnets,
is topologically protected particle-like object [1, 2]. Mag-
netic skyrmions appear in broad range of condensed mat-
ter systems, for instance, chiral magnets such as B20 com-
pounds [3, 4], magnets with frustrated interactions [5–7],
and interfaces of magnetic hetero-junctions [8, 9]. Due to
its dynamical properties under relatively weak charge cur-
rent [10, 11] and the small size (3 ∼ 100 nm) [12], appli-
cations to the low energy consumption memory devices are
expected. Skyrmion racetrack memory [13] is one of the most
appealing examples, where the ferromagnetic domain walls
carrying memory bits in original concept of racetrack mem-
ory [14] are replaced by skyrmions.
For the implementation in devices, many efforts are made
to create, delete, shift, and detect a single skyrmion. [13, 15]
Skyrmions are created/deleted by applying charge current [16,
17], local heating [18, 19], tailoring the device edge struc-
ture [20], and so on. Positional shift of skyrmions is real-
ized by the current via the spin transfer torque quite effec-
tively [10, 11]. On the other hand, the detection of a single
skyrmion is much more difficult. The Lorentz transmission
microscopy [4], the spin-polarized [12] and the unpolarized
scanning tunnel microscopy [21, 22] can be used, however,
the experimental equipment is quite expensive and the fast dy-
namics of individual skyrmion cannot be observed. To over-
come these obstacles, a purely electrical method is highly de-
sired. The detection of the number of skyrmions in a nano
size Hall-bar device have been demonstrated using the topo-
logical Hall effect arising from the emergent magnetic field
generated by the non-coplanar spin texture of skyrmions [23].
More recently, even the position of the individual skyrmion is
theoretically proposed to be detected in similar nano device
structure [24].
In this paper we show another electrical detection method
of a single skyrmion using the tunneling magnetoresistance
(TMR) in a magnetic tunneling junction (MTJ) geometry.
Since a skyrmion has many flipped spins near its center, where
the electron tunneling is disturbed, one can easily expect that
a skyrmion can affect the tunneling conductance. As the MTJ
setup is intensively investigated in the long history of spin-
tronics research, its implementation into the conventional de-
vices, as well as into the future racetrack type devices will
be feasible. By systematic calculations based on a simple
model, we show that the TMR ratio can be larger than 30% for
very wide range of parameters when the size of the skyrmion
is comparable to that of the device. This result will pave a
new way for the reading method of the information in future
skyrmionics memory devices.
We consider a two-dimensional bilayer system consists of
a skyrmion layer and a fully polarized ferromagnetic layer.
The total Hamiltonian is the sum of the intra-layer double ex-
change model with the nearest neighbor hopping and the inter-
layer tunneling Hamiltonian;
Hˆ = Hˆsk + HˆF + HˆT (1)
where
Hˆsk = −t
∑
〈ij〉σ
d†iσdjσ − J
∑
iαβ
d†iα~σαβ · ~nski diβ (2)
HˆF = −t
∑
〈ij〉σ
c†iσcjσ − J
∑
iαβ
c†iα~σαβ · ~nFi ciβ (3)
HˆT = −
∑
ijσ
Tijc
†
iσdjσ + h.c.. (4)
d† and c† are the creation operators for each layer. The spin
profile for the ferromagnetic layer is fixed as ~nFi = (0, 0, 1)
while that for the skyrmion layer is assumed as ~nski =
(sin θi cosφi, sin θi sinφi, cos θi) with θi = pi(1 − ri/λ) for
ri < λ and θi = 0 for ri > λ and φi = ϕi. ri and ϕi are
the polar coordinate of two-dimensional plane and λ is the ra-
dius of the skyrmion. As for the tunneling Hamiltonian, we
only consider the vertical hopping Tij = Tδij and we have
neglected the spin flip tunneling.
The tunneling current through the hetero-interface can be
calculated by the standard perturbation theory with respect to
the tunneling Hamiltonian [25]
Isk = e
∑
mn
|Tmn|2
∫
dE
2pi
[f(E)− f(E + eV )]
×AFm(E)Askn (E + eV ) (5)
where −e is the electron charge, V is the voltage, f is the
Fermi distribution function, Tmn is the tunneling Hamiltonian
in the eigen basis of the both layers, and we have set ~ = 1.
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F/Sk
m (E) = −2Im
[
1/(E − εF/Skm + iΣ)
]
is the spectral
function for ferromagnetic/skyrmion layer with εF/Skm being
the m-th eigen energy of HˆF/Sk and Σ is the spectral broad-
ening which we is phenomenologically introduced to express
both the elastic scattering by impurities and the inelastic scat-
tering by electron-electron and electron-phonon scattering (at
finite temperature). In this paper, we focus on the linear-
response regime and the zero temperature limit;
Isk =
e2V
2pi
∑
mn
|Tmn|2 2Σ
(εFm − µ)2 + Σ2
2Σ
(εskn − µ)2 + Σ2
(6)
where µ is the chemical potential.
The TMR ratio is defined as
TMR ≡ Rsk −RP
RP
=
IP
Isk
− 1 (7)
with RX = V/IX being resistances for parallel ferromagnet-
ferromagnet (X=P) or skyrmion-ferromagnet (X=sk) configu-
ration. In this formalism, the tunneling amplitude |T | does not
affect the TMR ratio.
TMR ratio in the anti-parallel configuration is usually esti-
mated using spin polarization P or the spin-resolved density
of states (DoS) Dσ as [26]
TMR ∼ 2P
2
1− P 2 (8)
with P = (D↑ −D↓) / (D↑ +D↓). This estimation is equiv-
alent to the assumption I ∼ D↑D↑ + D↓D↓ which is ob-
tained simply putting Tmn = T in eq. (6). One can easily
generalize this estimation to the cases in the MTJ with in-
homogeneous magnetic structure such as the skyrmion sys-
tem by using the local density of states (LDoS) as I ∼∑
i (Di↑Di↑ +Di↓Di↓). Another estimation, which is the
simplest one neglecting the electronic structures, is the sum
of the inner product of local magnetic moments; I ∼∑
i
1+~nski ·~nFi
2 =
∑
i cos
2 θi
2 . This estimation is just count-
ing the effective number of passable sites where vertical pairs
of local spins are parallel. In the following, we show that
the faithfully calculated TMR ratio using eq. (6) reduces to
the value of the final simplest estimation and clarify its con-
ditions. In the calculations below, we set the size of the two-
dimensional layer as L2 = 1002 in the unit of the lattice con-
stant and the radius of the skyrmion is λ = 50, the maximum
size in the square-shaped device, until otherwise specified.
Figures 1(a) and (b) show the chemical potential depen-
dence of the TMR ratios in the anti-parallel ferromagnet-
ferromagnet and the skyrmion-ferromagnet bilayer system,
respectively. Parameters are set as J = t, and Σ = 0.1t. The
red line is calculated from eq. (6), and yellow, green, black
lines are estimations from DoS, LDoS and the inner product
of the local magnetic moments, respectively. The black line in
Fig. 1(a) cannot be seen since it is infinity. On the other hand,
in the case of skyrmion-ferromagnet bilayer case in Fig. 1(b),
the inner-product describes well the obtained TMR ratio (red
FIG. 1: TMR ratios for (a) the anti-parallel ferromagnet-
ferromagnet, and (b) the skyrmion-ferromagnet bilayer system. Pa-
rameters are J = t, and Σ = 0.1t. Red line is the TMR ratio calcu-
lated using eq. (6). Estimation of the TMR ratio from the density of
states (yellow line), and the local density of states (thin green line)
increases in the half-metallic (shaded) region. The black line in (a)
cannot be seen since it is infinity.
line). TMR ratio estimated from DoS (yellow line) coincide
well with that from LDoS (green line), which indicates spatial
inhomogeneity of the electronic structure does not affect the
TMR ratio. This result is in sharp contrast with previous stud-
ies based on LDoS description of the tunneling conductance
in skyrmionic systems [21, 22]. We will discuss on this dif-
ference later in detail. For −4t− J < µ < −4t+ J , (shaded
region in Fig. 1(b)) the system is half-metallic i.e. DoS of mi-
nority spin vanishes. In this region, the estimation from DoS
approaches the real value (red line), but suddenly decrease in
the non half-metallic regime. Nevertheless, the real TMR ra-
tio is not so sensitive on weather the system is half-metallic
or not. This energy independence indicate the finite temper-
ature effects shall be quite small. Hereafter we focus on the
energy window−4t+J+0.1t < µ < −4t+J+0.5t, which
is non half-metallic region for small J , and we will show av-
eraged values of TMR ratio within this window. The stan-
dard deviation is not shown since it is so small that we cannot
see, excepting the small Σ region where the discretized nature
of energy levels appears due to the finite size effect as com-
mented below. All the following results are qualitatively the
same for the half-metallic regime.
Figure 2(a) shows the J dependence of the TMR ratio in
the skyrmion-ferromagnet bilayer system. We can clearly see
the relation TMR ∝ J2 for small J region. This exponent
is understood in terms of the perturbative calculation with re-
spect to J as shown in the Supplementary Materials (S1). The
TMR ratio converges for larger J to the value estimated from
the inner product of the local magnetic moments (black line).
The Σ dependence is shown in Fig. 2(b). For the clean sys-
tem, due to the discreteness of the energy spectrum, the TMR
ratio strongly depends on the chemical potential µ. In this
case, we could not specify the exponent of the divergence of
the TMR ratio in the limit of Σ → 0. However we can spec-
ulate the exponent of the divergence as TMR ∝ Σ−2 ∼ τ2
with τ being the transport lifetime of the electron. Detailed
discussion is given in the Supplementary Materials (S2). For
the disordered case Σ  J , the TMR ratio is proportional
to Σ−4 ∼ τ4. In this region, even the half-metallic nature is
3FIG. 2: Log-log plot of (a) J dependence of the TMR ratio of
skyrmion-ferromagnet bilayer system for various values of Σ and (b)
its Σ dependence for various values of J . The black line is the esti-
mated TMR ratio from the inner product of the local magnetic mo-
ments. All the results converge to this black line when t  Σ  J
is satisfied.
completely smeared out. We can analytically prove this Σ−4
dependence from eq. (6). Details are given in the Supplemen-
tary Materials (S3). For the intermediate region, the TMR
ratio becomes the same value as that estimated from the inner
product of the local magnetic moments (∼ 30% for λ = 50)
and independent of Σ. This plateau region expands for larger
J . In this regime, namely t  Σ  J , the spins of itinerant
electrons are forced to align to the local magnetic moments.
The transfer integrals therefore have to include the factor of
the overlap of wave functions in the spin space; tij = t →
t〈i|j〉 = teiaij cos θij2 where aij is the emergent gauge field
which accounts for the emergent magnetic field arising from
the non-coplanar spin texture, and θij is the angle between lo-
cal magnetic moments ~ni and ~nj . The inter-layer tunneling
amplitude is also modified as Tij = Tδij → Tδijeiai cos θi2 .
In this situation, the system is spin-less and parameter J does
not enter into the Hamiltonian nor the eigenenergies explic-
itly. When the spectral broadening Σ is much larger than
t in addition, the tunneling current in eq. (6) is reduced to
I = 4e2V Σ−2
∑
mn |Tmn|2 ∝ Tr[TT †] =
∑
i cos
2 θi
2 .
Since the prefactor cancels out, the TMR ratio becomes the
same value as evaluated only from the local magnetic mo-
ments and independent of Σ. Physically, the electronic struc-
ture for each spin is smeared out due to the large Σ, but dif-
ferent spin states do not mix since Σ  J . In such situation,
the detailed electronic structures cannot play any roles but the
spin polarization survives, therefore, the simplest estimation
taking into account only the spin information, neglecting the
electronic structure, gives us a good agreement.
In summary, the TMR ratio is larger than ∼ 30% if only
Σ . J and λ ' L/2 is satisfied. This criterion is simple and
experimentally feasible, and we can conclude that our setup
can be a good candidate for the skyrmion detection in MTJ
devices.
One expects that the TMR ratio would decrease from 30%
for smaller skyrmion. Fig. 3 shows the skyrmion radius λ
dependence of the TMR ratio. If we adopt the simplest esti-
mation from the inner product of the local magnetic moments,
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FIG. 3: (a) The skyrmion radius λ dependence of the TMR ratio
for various values of Σ and J . All the points are well coincide with
the estimation from the inner product of the local magnetic moments
(black line).
the TMR ratio can be estimated as TMR = piλ
2
eff
L2−piλ2eff
where
λeff , being defined as piλ2eff ≡
∑
i
1−~nski ·~nFi
2 =
∑
i sin
2 θi
2 =
piλ2( 12 − 2pi2 ), is the radius of a magnetic bubble whose effec-
tive number of flipped spins is the same as that of the present
skyrmion profile. As seen in Fig. 3, the radius dependence
of the TMR ratio is well reproduced by this simplest estima-
tion for quite wide range of parameters even out of the plateau
region in Fig. 2(b). This result indicates that we have to fab-
ricate the reading electrode of the MTJ devices as small as
the diameter of the skyrmion to obtain the maximum value of
TMR ratio.
The tunneling conductance in the skyrmionic systems are
investigated in previous studies [21, 22] where LDoS is mod-
ulated due to the hybridization of the spin majority and the
minority states at the center of a skyrmion. These studies bear
in mind the detection of a skyrmion using STM or STS, there-
fore the setup is different. In the STM, the tip can probe the
surface of a device in the atomic resolution, and the tunneling
conductance is proportional to LDoS at the tip position. How-
ever, in our set up, since the detection electrode (ferromag-
netic layer) has the finite size, the in-plane propagation of the
wave function in the electrode has a vital role. In our calcula-
tion, the tunnel current is written in terms of the Green func-
tion as I ∼ Tr[Im
(
Gˆsk
)
HˆT Im
(
GˆF
)
Hˆ†T ]. If we take the
trace in the real space, the tunneling Hamiltonian is nothing
but (HT )ij = Tδij , hence I ∼ |T |2
∑
ij [Im
(Gskij ) Im (GFji)].
If we neglect the in-plane propagation of electrons in the fer-
romagnetic layer and assume the homogeneity; GFji = GF0 δij ,
the tunnel current can be written as the sum of LDoS of the
skyrmion layer. This situation is true when the detection elec-
trode is the array of isolated STM tips. But as one can see in
Fig. 1, estimations from DoS and LDoS are totally different
from the real value. This result indicates the LDoS descrip-
tion is not enough when the detection electrode has the finite
size as in the MTJ geometry.
We have demonstrated that a single skyrmion can be elec-
trically detected using the TMR in the MTJ geometry. If only
4the spectral broadening Σ is smaller than the exchange cou-
pling J , the TMR ratio becomes larger than the value esti-
mated sorely from the spin profile of the skyrmion. In the
case of the maximum-size skyrmion in the square-shaped de-
vice, this value can amount to 30%. Since this criterion Σ . J
is easily accessible in real systems, our proposed setup can be
a good candidate for the reading part of the future skyrmionics
memory devices.
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1S1. PERTURBATIONWITH RESPECT TO J
In this section, we calculate the TMR ratio in the perturbative approach with respect to the exchange coupling J . We show
TMR ∝ J2 a shown in Fig.2(a) in the main text.
In the absence of J , the system is nearest neighbor tight-binding model on the N ×N square lattice, therefore eigen vectors
and energies are
ψ(0)n (i) =
√
2
N + 1
sin
npii
N + 1
, E(0)n = −2t cos
npi
N + 1
(n = 1, ..., N) (S1)
with the orthonormal condition;
N∑
i=1
ψ(0)∗m (i)ψ
(0)
n (i) = δmn. (S2)
As a perturbation, we consider the exchange coupling to the z component of the local spin moment nz(i) for simplicity
V (i) = −Jnz(i)σz. (S3)
For the skyrmion layer, nskz (i) = cos
2pii
N+1 while that for the ferromagnetic layer is n
F
z (i) = 1. Hereafter we consider only
the spin-up electron, where the result for the spin down electron is obtained by the substitution J → −J . In this case, the
perturbation is just a local potential on the spin polarized electron. As the perturbation in the ferromagnetic layer is constant and
diagonal, the effect of the perturbation is just a energy shift by−J . The matrix element of the perturbation in the skyrmion layer
is
Vmn =
∑
i
ψ(0)∗m (i)V (i)ψ
(0)
n (i) =
−2J
N + 1
∑
i
sin
mpii
N + 1
sin
npii
N + 1
cos
2pii
N + 1
(S4)
= −J
2
(δm,n+2 + δm,n−2). (S5)
Note that the system is homogeneous in y direction therefore the wave function for the coordinate y is the unperturbed one. The
Dyson equation for the Matsubara Green function up to the order of J2 reads
G = G0 +G0V G0 +G0V G0V G0 + o(J
3) (S6)
where (G0)mn = δmnG0m = δmn [iω − ξn + iΓsgnω]−1 is the non-perturbative Green function with energy ξn = E(0)n − µ
and the Matsubara frequency ω. For the first order in J ,
(G0V G0)mn = G0mVmnG0n = −J
2
G0mG0n(δm,n+2 + δm,n−2). (S7)
while for the second order,
(G0V G0V G0)mn =
∑
k
G0mVmkG0kVknG0n (S8)
=
J2
4
∑
k
G0mG0kG0n(δm,k+2 + δm,k−2)(δk,n+2 + δk,n−2) (S9)
= G0mG0m−2G0n(δm−2,n+2 + δm,n) +G0mG0m+2G0n(δm,n + δm+2,n−2) (S10)
The tunnel current is written as
I = −2e ImU(iω)|iω→eV+iδ (S11)
U(iω) =
1
β
∑
iΩ
Tr
[
HTG
1(iΩ− iω)HTG2(iΩ)
]
(S12)
2where Gi is the perturbed Green function for i-th layer and Ω is the fermionic Matsubara frequency. By taking the trace using
the unperturbed wave functions, the tunnel Hamiltonian and the ferromagnetic Hamiltonian is diagonal therefore, we obtain
U(iω) = |T |2 1
β
∑
iΩ,n
GFn (iΩ− iω)Gskn (iΩ) (S13)
= |T |2 1
β
∑
iΩ,n
GFn (iΩ− iω)
[
G0n(iΩ) +
J2
4
(G20nG0n−2 +G
2
0nG0n+2)
]
(S14)
= |T |2 1
β
∑
iΩ,k
GFk (iΩ− iω)
[
G0k(iΩ) +
J2
2
G30k(iΩ)
]
(S15)
= |T |2 1
β
∑
iΩ,k
GFk (iΩ− iω)
[
1 +
J2
4
∂2
∂µ2
]
G0k(iΩ). (S16)
Here we assumed the large system where we can neglect the difference between n and n ± 2 and moved on to the momentum
representation. By the aid of the spectral representation;
A(x) = −2ImG(x), G(x) =
∫
A(x′)
x− x′ + iδ
dx′
2pi
(S17)
the Matsubara summation for the zeroth order term is evaluated as
U (0)(iω) = |T |2 1
β
∑
iΩ,k
GFk (iΩ− iω)G0k(iΩ) (S18)
= |T |2 1
β
∑
iΩ,k
∫
dx
2pi
dy
2pi
AFk (x)
iΩ− iω − x+ iδ
A0k(x)
iΩ− y + iδ (S19)
= |T |2
∑
k
∫
dx
2pi
dy
2pi
f(x)− f(y)
iω + x− y A
F
k (x)A0k(y). (S20)
After the analytical continuation,
I(0) = −2eImU (0)(iω) |iω→eV+iδ (S21)
= −2e|T |2Im
∑
k
∫
dx
2pi
dy
2pi
f(x)− f(y)
eV + x− y + iδA
F
k (x)A0k(y). (S22)
= 2e|T |2
∑
k
∫
dx
2pi
dy
2pi
[f(x)− f(y)]piδ(eV + x− y)AFk (x)A0k(y). (S23)
= e|T |2
∑
k
∫
dx
2pi
[f(x)− f(x+ eV )]AFk (x)A0k(x+ eV ). (S24)
=
e2V
2pi
|T |2
∑
k
AFk (0)A0k(0). (S25)
=
e2V
2pi
|T |2
∑
k
2Σ
(E
(0)
k − J − µ)2 + Σ2
2Σ
(E
(0)
k − µ)2 + Σ2
(S26)
=
e2V
2pi
|T |2D0
∫ ∞
−∞
dE
2Σ
(E − J − µ)2 + Σ2
2Σ
(E − µ)2 + Σ2 (S27)
=
e2V
2pi
|T |2D0 8piΣ
4Σ2 + J2
(S28)
where we assumed the zero temperature and the linear response. D0 is the density of states at the Fermi energy which is assumed
to be constant. The second order one is calculated as
I(2) =
e2V
2pi
|T |2D0
∫ ∞
−∞
dE
2Σ
(E − J − µ)2 + Σ2
J2
4
∂2
∂µ2
2Σ
(E − µ)2 + Σ2 (S29)
=
e2V
2pi
|T |2D0−piJ
2
4Σ3
. (S30)
3The tunnel current in the parallel ferromagnetic configuration is easily calculated as
IP =
e2V
2pi
|T |2D0
∫ ∞
−∞
dE
2Σ
(E − J − µ)2 + Σ2
2Σ
(E − J − µ)2 + Σ2 (S31)
=
e2V
2pi
|T |2D0 2pi
Σ
. (S32)
The current for the spin down electron, which is obtained by the substitution J → −J , is the same as that for the spin up electron
since all the currents are the even function of J Thus, the TMR ratio is
TMR =
IP
I(0) + I(2)
− 1 = 3J
2
8Σ2
+ o(J4) (S33)
.
S2. TMR FOR ANTIPARALLEL CONFIGURATION
In this section, we analytically derive the TMR ratio in the antiparallel ferromagnetic bilayer system and show TMR ∝ Σ−2
in the clean limit. This is the indirect evidence that TMR ∝ Σ−2 holds even in the skyrmion-ferromagnet bilayer system.
The tunneling current in the bilayer system is written as
I =
e2V
2pi
∑
mn
|Tmn|2 2Σ
(ε1m − µ)2 + Σ2
2Σ
(ε2n − µ)2 + Σ2
(S34)
where µ is the chemical potential, Σ is the spectral broadening, εim is the m-th eigen energy of the layer i, and Tmn is the
tunneling matrix element in the eigen basis which accounts for the spin-conserving vertical hopping in the real space. Hereafter,
we assume the system is the homogeneous ferromagnet with translational invariance. In this condition, the tunneling matrix is
|Tmn|2 → |T |2 δkk′δσσ′ . The expression for the tunneling current is
I =
e2V
2pi
|T |2
∑
kσ
2Σ
(ε1σ − µ)2 + Σ2
2Σ
(ε2kσ − µ)2 + Σ2
(S35)
which shows the spin, the momentum, and the energy is preserved during the tunneling process if Σ goes zero. In the parallel
configuration, the current IP is calculated using ε1kσ = ε
2
kσ = ε
0
k − Jσ while we use ε1kσ = ε0k − Jσ and ε2kσ = ε0k + Jσ for
the antiparallel current IAP . For ε0k, the energy without exchange coupling, we assume the parabollic dispersion with constant
density of states D0. This assumption is justified if the distances between the chemical potential and the band bottom or the van
Hove singularities are much larger than the spectral broadening Σ. In this situation, the integral over the energy can be extended
from the band width to the infinity since the integrand decays suddenly for small Σ. The current in each configuration is written
as
IP =
e2V
2pi
|T |2D0
∫ ∞
−∞
dε
∑
σ
2Σ
(ε− Jσ − µ)2 + Σ2
2Σ
(ε− Jσ − µ)2 + Σ2 (S36)
=
e2V
2pi
|T |2D0 2pi
Σ
× 2 (S37)
IAP =
e2V
2pi
|T |2D0
∫ ∞
−∞
dε
∑
σ
2Σ
(ε− Jσ − µ)2 + Σ2
2Σ
(ε+ Jσ − µ)2 + Σ2 (S38)
=
e2V
2pi
|T |2D0 2piΣ
Σ2 + J2
× 2. (S39)
Note that the tunneling current in the antiparallel configuration vanishes in the clean limit since the spin, the momentum, and the
energy are conserved values during the tunneling process. The TMR ratio is
TMR =
IP
IAP
− 1 = Σ
2 + J2
Σ2
− 1 = J
2
Σ2
(S40)
which shows the TMR ratio diverges as TMR ∝ Σ−2 as Σ→ 0.
4For the general value of Σ, The integral is from −4t to 4t, therefore we obtain
IP =
e2V
2pi
|T |2D0 2
Σ
[
Σ
(
4t− J − µ
(4t− J − µ)2 + Σ2 +
4t+ J − µ
(4t+ J − µ)2 + Σ2 +
4t− J + µ
(4t− J + µ)2 + Σ2 +
4t+ J + µ
(4t+ J + µ)2 + Σ2
)
+ tan−1
(
4t− J − µ
Σ
)
+ tan−1
(
4t+ J − µ
Σ
)
+ tan−1
(
4t− J + µ
Σ
)
+ tan−1
(
4t+ J + µ
Σ
)]
(S41)
IAP =
e2V
2pi
|T |2D0 Σ
J (J2 + Σ2)
[
Σ
(
log
(
(4t+ J − µ)2 + Σ2
(4t− J − µ)2 + Σ2
)
+ log
(
(4t+ J + µ)2 + Σ2
(4t− J + µ)2 + Σ2
))
+2J
(
+ tan−1
(
4t− J + µ
Σ
)
+ tan−1
(
4t+ J − µ
Σ
)
+ tan−1
(
4t− J + µ
Σ
)
+ tan−1
(
4t+ J + µ
Σ
))]
(S42)
TMR behaves as
TMR =
{
8J2
3Σ4
(
3µ2 + 16t2
)
+O
(
Σ−5
)
(Large Σ)
J2
Σ2 +O
(
Σ−1
)
(Small Σ)
(S43)
Although this is the result for the antiparallel ferromagnet-ferromagnet system, it well captures limiting behaviors of the
skyrmion-ferromagnetic bilayer system shown in the Fig.2(b) in the main text. We also have numerically confirmed that these
behaviors do not change even if we take into account the realistic density of states of the square lattice, which contain the van
Hove singularity at ε = 0.
S3. LARGE Σ REGION
In this section, we show TMR ∝ Σ−4 in the skyrmion-ferromagnet bilayer system for large Σ as depicted in the Fig.2(b) in
the main text. From the eq.(6) in the main text, the tunneling current for large Σ is expanded as
Isk =
2e2V
pi
Σ−2
∑
mn
|Tmn|2
[
1 +
(
εFm − µ
Σ
)2]−1 [
1 +
(
εskn − µ
Σ
)2]−1
=
2e2V
pi
Σ−2
∑
mn
|Tmn|2
[
1−
(
εFm − µ
Σ
)2
−
(
εskn − µ
Σ
)2]
+ o(Σ−6)
=
4e2V
pi
Σ−2L2
[
1− 1
2L2
∑
n
[(
εFn − µ
Σ
)2
+
(
εskn − µ
Σ
)2]]
+ o(Σ−6). (S44)
Here we have used
∑
n |Tmn|2 =
∑
m |Tmn|2 = 1. The TMR ratio is
TMR =
IP
Isk
− 1
=
1− 12L2
∑
n
[(
εFn−µ
Σ
)2
+
(
εFn−µ
Σ
)2]
+ o(Σ−4)
1− 12L2
∑
n
[(
εFn−µ
Σ
)2
+
(
εskn −µ
Σ
)2]
+ o(Σ−4)
− 1
=
1
2L2
∑
n
[(
εskn − µ
Σ
)2
−
(
εFn − µ
Σ
)2]
+ o(Σ−4)
=
1
2L2Σ2
Tr
[
(Hˆsk − µ)2 − (HˆF − µ)2
]
+ o(Σ−4)
=
1
2L2Σ2
Tr
[
(Hˆsk)2 − (HˆF )2
]
+ o(Σ−4). (S45)
since Hˆsk and HˆF themselves are trace-less. That can be seen the hopping term is trace-less in the real space and the double
exchange term is also in the spin space. We next separate the Hamiltonians into the hopping terms and the double exchange
terms as HˆF = Kˆ + JˆF and Hˆsk = Kˆ + Jˆsk
Tr
[
(Hˆsk)2 − (HˆF )2
]
= Tr
[
2Kˆ(Jˆsk − Jˆsk) + Jˆ 2sk − Jˆ 2F
]
. (S46)
5The first term vanishes since Kˆ and Jˆ act on different space; Tr
[
Kˆ ⊗ Jˆ
]
= TrKˆ × TrJˆ = 0. The second and the term cancel
each other as Jˆ 2 = (−J~σ · ~n)2 = J2 is independent of the spin configurations ~n. In summary, order of Σ−2 vanishes hence
TMR ∝ Σ−4.
